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Introduction

HE autonomous rendezvous and docking of spacecraft in orbit
has been identified as a key development area for future space
programs.! Several scenarios have been outlined that require au-
tonomous rendezvous and docking capabilities, such as robotic sam-
ple return missions,” in-space assembly of modular systems,® and
the rendezvous of crewed Mars landers to an Earth-return vehicle.!
Autonomous rendezvous and docking scenarios will most likely
involve the use of radar for relative navigation at some stage in the
process. In low Earth orbit (LEO), the system may rely on global po-
sitioning system measurements until the spacecraft are in close prox-
imity, then switch to a radar or laser sensing system. Rendezvous
scenarios away from LEO, perhaps in lunar orbit, for example, will
likely rely on radar or laser measurements for the majority of the
relative sensing capability.

The processing of the relative sensor measurements to determine
the maneuver spacecraft position and velocity relative to the target
spacecraft can be accomplished by one of several means. Perhaps the
most widely used technique in this area of application is the Kalman
filter.* The Kalman filter is a recursive weighted least-squares or
minimum ¢, norm (sample mean) estimation procedure and is a
maximum likelihood technique assuming that the error statistics
follow Gaussian probability distributions.

Unfortunately, the least-squares method is not a robust estima-
tion technique. That is, the estimation technique fails to perform
adequately when the true error statistics follow non-Gaussian prob-
ability distributions, particularly those with much thicker tails than
the Gaussian distribution.»® Because radar systems are known to
exhibit non-Gaussian random measurement errors,’ and because or-
bital state error predictions are known to be non-Gaussian in nature,®
it is important to develop estimation techniques for radar-based ren-
dezvous navigation that are robust with respect to deviations from
the assumption of Gaussianity.

One such technique is the Huber filter,”!® which is a combined
minimum ¢; and ¢, norm estimator. The minimum ¢; norm esti-
mator (sample median) is a maximum-likelihood estimator with the
assumption that the error statistics follow the Laplacian distribution.
The Huber estimator is a blend of the two estimators that seeks to
use the best of both techniques, in particular, the robustness of the
sample median and the efficiency of the sample mean. It is the pur-
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pose of this Note to apply the Huber filter to the problem of radar
or laser-based rendezvous navigation.

Review of the Estimation Technique

This section concerns the problem of estimating the state of the
system of ordinary differential equations

x=f(x,uvt) (€))]
where x is the state vector, # are the deterministic inputs to the
system, and v are random inputs to the system. The mean value of
v is =0, and its covariance is Q. It is assumed that the state of
the system can be measured at discrete times in the form of a linear
model given as

(@)

where the subscript k refers to the value of the parameter at time #,
Yr 1s the measurement at time #;, and w; is the measurement noise
at time #;. The mean value of w; is w;, = 0, and its covariance is Ry.

The Huber filter is a technique for estimating the state of systems
of differential equations described in the form provided in Eqgs. (1)
and (2). The filter is a predictor—corrector approach in which the
state predictions are computed by numerical integration of the dy-
namic model, and state corrections are obtained by a weighted linear
combination of the predicted measurements and the actual measure-
ments. In this approach, the state and covariance predictions are
given as

Yo = Hyxp + wy
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where X, is the predicted value of the state at time #;, based on the
propagation of estimated value of the state at time #; _;, which is
Xi_1. Similarly, P; is the predicted state error covariance matrix at
time f, and P, _ is the estimated state error covariance matrix and
time #; —. Also, the matrices A and B are given by
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x=x(t),v="v

The state correction obtained at the time of the measurement
update takes the form of a linear regression problem between the
predicted state and the observed quantity.!' If the true value of
the state is written as x; and the state prediction error is writ-
ten as 6, =x;, — Xy, then the state prediction may be expressed as
X =x; — 6;. The linear regression problem then takes the form

el =[] 1]

)
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By definition of the quantities

I — R, 0 ®
“lo p

u=1," {i’; } ©)
_1|H

G =T, * [;} (10)

& =1, {_‘”gk} an

the linear regression problem is transformed to
2t = Gy + & (12)

In this transformed regression problem, the covariance of &, is
simply the identity matrix, as can be seen from expanding the ex-
pectation E (& kEZ).

The Huber filter measurement update arises from the minimiza-
tion of the cost function

B =Y @) (13)

i=1

where ¢; refers to the ith component of the normalized residual
vector, ¢; = (Gyx; — Zr)i, and the function A is known as the “score
function,” defined as

1,2
—f,- for |§'1| <Y
e =17
for |5 = y (14)
where y is a tuning parameter.
The solution of the Huber regression problem is determined from
the derivative of the cost function

D o v@g =0 (15)

i=1
where ¥ (&) = A/ (¢;)/¢&; is given as

1 for || <y

A =
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The solution of Eq. (15) is typically achieved in one of two ways:
a Newton—Raphson iteration, or the iteratively reweighted algo-
rithm, which is commonly attributed to Beaton and Tukey.'? In this
Note, the latter method will be used. The algorithm may be derived
as follows. First, by the definition of the matrix W =diag [¥ ()],
Eq. (15) may be rewritten as

GV (Gix; —z) =0 17)

Equation (17) may be expanded to yield G} ¥Gyx; = G Wz,
which may be solved for x; to give x; = (GT WG;)~'GI Wz;. When
it is noted that the matrix W depends on the residuals ¢;, and hence
on x;, the following iterative solution to Eq. (17) is expressed as

x ) = (GlYG) TGl vy, (18)

where the superscript (j) refers to the iteration index. The
method can be initialized by using the least-squares solution xz(» =
(GTGy) ~'GT'z;. The converged value from the iterative procedure
is taken as the corrected state estimate following a measurement
update X;.

Finally, the state estimate error covariance matrix is computed
from

P, = (GTYG) ™! (19)

using the final value of W corresponding to the converged state
estimate.

Note that as y — oo, the Huber filtering problem reduces to the
least-squares estimator (Kalman filter or sample mean). Specifically,
when y — oo, the matrix ¥ — I, and Eq. (17) may be solved ex-
actly in one iteration step and is equal to the Kalman filter solution.
Also note that as y — 0, the problem reduces to the least absolute
value estimator (sample median). This blend of estimation tech-
niques gives the Huber estimator a robustness against deviations
from Gaussian distributed random measurement errors, at the cost
of only a slight loss of efficiency in estimation when the errors do
follow the Gaussian distribution and an increase in computational
effort due to the iterative technique required for the measurement
update step. This robustness arises from the W matrix and that all
residuals are not weighted equally. In particular, large residuals are
down-weighted in the iterative solution technique by the inverse of
the magnitude of the residual.'!*

The specific value of y used is typically taken to be y =1.345
to give 95% asymptotic efficiency for estimation problems with
Gaussian distributed random errors. In other words, the Huber filter
with this choice of y will lead to estimation error variances that are
5% larger than that of the Kalman filter when the measurement error
statistics are truly Gaussian. References 9 and 15 contain additional
information on the tuning of the parameter y.

The next section describes the application of both the Kalman
filter and the Huber filter to the problem of spacecraft naviga-
tion during rendezvous maneuvers, using range and line of sight
measurements.

Application to Spacecraft Rendezvous Navigation

In this section, the application of the robust estimation technique
to an example spacecraft rendezvous navigation problem is dis-
cussed. The mechanics of the relative motion are developed first,
followed by the development of a simple guidance scheme for the
purposes of simulating the motion of the vehicle during the ren-
dezvous maneuver. Both the Kalman filter and the Huber filter are
applied to estimate the relative position and velocity of the space-
craft along the rendezvous trajectory in a numerical simulation.

Rendezvous Dynamics and Measurement Equations

The equations of motion for a spacecraft relative to another space-
craft in an elliptical Keplerian orbit can be expressed by the system
of differential equations (see Ref. 16):

F=20j+oy+o’x+5 - MUED L,
SRSt
(20)
j = —2wi — ox + 'y — 1y - +uy, + v,
[+ 22 + 32+ 2]
21
R 1z —tu o, 22)
[+ 07 + 32 + 2213
F=ro?— % (23)
i
o=-—"2 (24)

where x, y, and z are the radial, in-track, and cross-track rectangu-
lar coordinates of the maneuvering spacecraft relative to the target
spacecraft; u,, u,, and u. are the control accelerations of the ma-
neuvering spacecraft; vy, vy, and v are the process noise terms that
represent model uncertainty;  and w are the radius and the angular
velocity of the target spacecraft; and u is the gravitational parameter
of the central body.

For spacecraft using a radar system for rendezvous navigation,
the transformation of variables

X = pcos¢cosh 25)
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y = pcos¢sind (26)
z = psing 27)

has been suggested by Eggleston and Dunning,!” where p is the
range between the maneuver spacecraft and the target spacecraft, 0
is the azimuth angle, and ¢ is the relative elevation angle. After the
substitution of this transformation, the relative motion dynamics are
given by

N =fa(m. 1. 1)+ Ga(m)(u+v) (28)

wheren = {p 0 ¢}, u ={u, ug uy}’,v="_{v, vo v3}7°,fs =
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The control and process noise terms are represented in the spher-
ical coordinate system by means of the transformation

u, [ cos¢cos®  cosgsind  sing | [uy
Uy § = —sinf cos 6 0 uy (33)
ug | —singcos® —sinOsing cos¢ | | u:
v, [ cospcosd  cosgsinh  sing | (v
Vg ¢ = —sin6 cos 6 0 vy (34)
Vg | —singcos® —sinfsing cosg | | v:

The overall state vector is then x = {n” %" }7. The measurement
model in the relative spherical coordinate system is simply

Y = Hyxy (35)
where the measurement matrix is
1.0 0000
H=|0 10 0 00 36)
00 1 0 0O

Note that the coordinate transformation given by Eqgs. (25-27)
leads to a linear measurement equation. This simplification of
the measurement equation comes at the cost of introducing state-
dependant process noise, given by Eq. (34). It is expected from
the results in Ref. 18 that the reformulation of the dynamic model
into one that gives a linear measurement equation will improve the
estimation errors over one in which the measurement equation is
nonlinear.

The next section is focused on a simple guidance scheme for the
purposes of simulating the Kalman filter and Huber filter during
rendezvous scenarios.

Rendezvous Guidance and Control

In this section, the guidance and control required for executing
arendezvous maneuver are discussed. The rendezvous controller is
based on a simple feedback linearization, followed by a choice of
gains to decouple the range, azimuth, and elevation dynamics. By
defining a desired state 77, and 77, and choosing a nonlinear feedback
control law of the form

u(n, n,0)=~G,(m) "' [fum, 71, 1) + K, (10— 1y) + Ka (1 = 7)]
(37

the closed-loop system becomes
+Ki(n—n,)+Kp,(n—n,)=0 (33)

The closed-loop system is asymptotically stable for any choice
of gain matrices such that K, >0 and K,; > 0. In particular, with
K, and K, chosen to be diagonal, the closed-loop system is decou-
pled. A similar control law has been proposed by Kluever in Ref. 19,
although the present method is superior in that it is based on the non-
linear (but Keplerian) orbital dynamics rather than the Clohessy—
Wiltshire equations® and that it also includes the cross-track
motion.

The guidance commands originate as follows. In general ren-
dezvous maneuvers there is some required approach direction.
The required approach direction can be characterized by a de-
sired azimuth angle 6,. Likewise, the initiation of the final ap-
proach to the target may be characterized by a desired initial
range p,. The final approach along the inbound azimuth angle
may then have a desired range rate p,. Thus, the rendezvous
maneuver can be divided into two phases. First, the maneuver
is made into the required approach direction at the given initia-
tion range. Second, the final approach is made along the incom-
ing azimuth at the desired range rate. The desired state can be
then written as n, = {ps 6; 0}7 and 77, ={0 0 0}7 for the first
phase and n,=1{0 6, 0}" and n,={0s 0 0} for the second
phase of the maneuver. The phase of the rendezvous maneuver
can be switched when the states in the first phase are within some
prescribed tolerance of the desired initial condition for the second
phase. This guidance scheme is crude, but adequate for the purpose
of demonstrating the performance of the filtering algorithms during
rendezvous maneuvers.

Numerical Simulation

In this section, the numerical simulations conducted to demon-
strate the improvement in navigation performance to be found
by using the Huber filter in place of the Kalman filter is
described.

In the sample problems and simulations described in this section,
the rendezvous scenario takes place in a low lunar orbit, with a target
vehicle with perilune altitude of 100 km and an apolune altitude of
200 km. The initial conditions of the maneuvering vehicle are at
the time of perilune passage of the target vehicle and are provided
in Table 1. Table 1 shows the true value of the initial conditions,
the estimate of the initial conditions for filter initialization, and the
components of the initial variance matrix for filter initialization. The
initial covariance matrix is assumed to be diagonal. In other words,
the initial state errors are uncorrelated.

The initial conditions for the target orbit, desired rendezvous con-
ditions, and other simulation parameters are shown in Table 2. The
controller gains are specified in Table 3. The gains are chosen such

Table 1 Initial conditions

Initial state True value Estimated value Standard deviation
2(0), km 1.0 1.05 0.01

6(0), deg 0.0 0.5 0.1

#(0), deg 10.0 10.5 0.1

£(0), km/s 0.0 50x 10~ 1.0x 10~4
6(0), deg/s 0.0 50x 1073 0.01

$(0), deg/s 0.0 50x 1073 0.01
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Table 2 Other initial conditions and parameters

Parameter Value
7(0), km 1838
(0), deg/s 0.0516

w, km?/s? 4902.87
pd, km 0.1

64, deg 180.0

pa, km/s —1.0x 104
y 1.345

K 0.9

@ 8.5354 x 10~*
E@H=E®W?)=E @}, km¥/s* 10-12

Table 3 Diagonal elements of gain matrices

Gain Value Gain Value
Kp(1,1) »? Kq(1,1) 26
K,(2,2) 4* Kq(2,2) 4k
K,(3,3) 4? K4(3,3) LV eo)
1 T T
08- . e -
0.6 ‘| — Trajectory b
o Initial Position
o Final Position
0.4r .
0.0k o [ J
O» -
-0.2F u
QLA e R e A
-0.6 L L 1 1 1
-0.2 0

-0.8

1
-0.4
In-Track Position [km]

-0.6

Fig. 1 In-plane projection of nominal maneuver.
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that the damping ratio ¥ = 0.9 and the natural frequency of the error
dynamics @ are equal to the mean motion of the target orbit for the
range dynamics and twice the mean motion of the target orbit for
the azimuth and elevation dynamics.

The maneuver spacecraft is assumed to make use of a laser nav-
igation sensor to make direct measurements of the range and line
of sight to the target spacecraft. The sensor random uncertainties,
provided in Table 4, were taken from Ref. 21 as an example of a
rendezvous navigation sensor that has recently flown in space and
used in a rendezvous scenario.

Random measurement errors are drawn from the mixture of zero-
mean Gaussian probability distributions, defined by the probability
density function

p@)=[(1 =€) /o1V2m Jexp [~ (/o1)* /2]
+ (6/0‘2«/5) exp [—({/02)2/2]

where o, and o, are the standard deviations of the individual
Gaussian distributions and € is a perturbing parameter that rep-
resents error model contamination. For purposes of the rendezvous
maneuver simulation, the standard deviations o; are chosen accord-
ing to Table 4 and o, is chosen as 0, = 50. The measurements are
assumed to occur at a frequency of 1 Hz along the trajectory.

An in-plane projection of the nominal maneuver (perfect naviga-
tion) is shown in Fig. 1. The time to perform the nominal maneuver
is 7233 s (approximately 0.98 periods of the target spacecraft orbit).

The results of a Monte Carlo simulation of the rendezvous ma-
neuver using the Huber filter and the Kalman filter are shown in
Fig. 2. The median state estimate error variances from 100 simu-
lation runs are shown as a function of the perturbing parameter €.
The Kalman filter results are shown in the dashed curve and the
Huber filter results are shown in the solid curve. The Huber filter
and Kalman filter are very close to one another for the case € =0.

(39)

Table 4 Rendezvous navigation
sensor uncertainties

Measurement Standard deviation (o)
Range (p), cm 1.518
Azimuth (8), mdeg 2.787
Elevation (¢), mdeg 1.404

V(p) [cmz/sec2]

0.4

0.3

V(6) [mdegzlsecz]

V(¢') [mdegz/secz]

0.4 0.6 0.8 1

0
0 0.2
Perturbing Parameter &

Fig. 2 Monte Carlo results.
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Fig. 3 Position and velocity estimation errors during rendezvous ma-
neuver for € = 0.5.

As € increases, however, the Kalman filter variances increase much
more rapidly than the Huber filter variances. Note that the rate of
divergence of the Kalman filter variances relative to the Huber filter
variances as € increases is not gradual. In fact, the variance of the
Huber filter estimates remains almost flat, even with as much pertur-
bation as € =0.2. The shallow nature of the Huber filter results are
due to the robustness of the estimation technique to thickly tailed
measurement error distributions.

The estimation error time histories are shown in Fig. 3 for the
case of € =0.5. The position estimation errors are shown in Fig. 3a,
and the velocity estimation errors are shown in Fig. 3b. In both
Figs. 3a and 3b, the Kalman filter estimation error is shown in
the left column, and the Huber filter estimation error is shown in
the right column. Note that there is no scale change between the
Kalman filter results and the Huber filter results and that the Huber
filter estimation errors are smaller than the Kalman filter estimation
errors.

The improvement in estimation error comes at a cost in com-
putation due to the iterative nature of the measurement update
equation. The results of the Monte Carlo study indicate that the
increase in overall computation time is roughly 10%, which im-
plies that the Huber filter should still be fast enough for real-time
implementation.

Conclusions

In this Note, the application of a robust state estimation method
to the problem of relative navigation during spacecraft rendezvous
maneuvers in elliptical orbit is discussed. The robust filter is a
recursive form of the Huber estimator, which in turn is blend of
the least-squares estimation and the least absolute value estimation
techniques. This combined technique has a proven robustness with
respect to deviations from the common assumption of Gaussian
distributed random measurement errors. The robust method was
compared with the Kalman filter or recursive least-squares method
during a sample rendezvous trajectory, using a perturbed Gaussian
distribution as the basis for generating random measurement er-
rors. The results demonstrate that the Huber filter outperforms the
Kalman filter for non-Gaussian measurement error probability dis-
tributions in terms of the state estimation error variances for a 10%
increase in computational burden.
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